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Abstract

Two - component / Double Diffusive Marangoni (DDM) convection with Dufour effects, in a two-layered system, has been studied
analytically by using Darcy — Brinkmann Model. For fluid layer, the upper boundary is free with surface tension depending on both
temperature and concentration, for porous layer the lower boundary is rigid and both the boundaries are insulating to both heat and
mass. At the interface, the normal velocity, normal stress, shear stress, mass, mass flux, heat, heat flux is assumed to be continuous.
The effect of different physical parameters on DDM convection is investigated in detail and results are presented graphically. The
effect of Dufour parameter, which plays vital role in diffusion-thermal process, when the energy flux due to mass gradient appears,

on DDM convection in a two- layer system, has been explored.
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1.0 Introduction

Convection in fluids, driven by two different density
gradients, which have different rates of diffusion is
called Double Diffusive convection. Marangoni
convection caused by means of the surface tension
gradient because of the gradients of both temperature
and concentration while heat and mass transfer
happens concurrently in a transferring fluid.

The relation among the fluxes and using potentials
are of extra elaborate in nature, it been observed that
an energy flux caused by a concentration or salinity
gradient is called the diffusion-thermal method or
Dufour effect. A brief literature on double diffusive
Marangoni convection with diffusion thermal effect for
different flows like boundary layer flows, convection
flows in a single fluid/porous layer is available.

*Corresponding author:

Nagabushanam Reddy et al [7] has investigated
numerically the onset of dufour and soret effect on
MHD laminar boundary layer flow past a stretching
plate by numerical techniques (Shooting and fourth
order R-K method) to find various physical
parameters. Idowu and Falodun [4] have studied the
cross diffusion effects on MHD mass and heat transfer
of Walter’s — B viscoelastic fluid over a semi-infinite
vertical plate. Hamid et al [3] have worked on the
problem of thermal diffusion and diffusion thermal
effect on thermosolutal Marangoni convection flow of
an electrically conducting fluid over a permeable
surface. Sumithra. R [10] has considered the composite
system to study the double diffusive convection by
considering the magnetic field and by using Regular
Perturbation technique solve the resulting ODE. Najeeb
Alam Khan and Fagiha Sultan [8] have investigated on
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the double diffusive convection flow of Eyring-powell
fluid from a cone embedded in porous medium with
thermal diffusion and diffusion thermoeffects. They
used both numerical techniques and analytical
methods are used to solve the nonlinear ordinary
differential equations. Krishna Murthy and Vinay
Kumar [6] have investigated the MHD forces on double
diffusive free convection process along a wavy surface
embedded in a doubly stratified fluid-saturated Darcy
porous medium under the influence of soret and dufour
effect by using Keller Box finite difference scheme to
solve the resulting boundary layer equations. Tehreem
Nasir et al. [16] have done numerical investigation on
MHD flow with soret and dufour effects by using
Shooting method to solve the governing equations.
They obtained skin friction coefficient, Sherwood and
Nusselt numbers for the study through graphs. In a
composite system Sumithra et al. [21] has investigate
the impact of thermal diffusion effect on Rayleigh
Benard(RB) convection with non-Darcy effect and
assume that the boundaries are rigid-rigid for
composite system. Regular perturbation method is
used to solve the ordinary differential equations which
are obtained from the corresponding partial
differential equations and also the effect of viscosity
ratio, Darcy number, diffusivity ratio, solutal Rayleigh
number and soret parameters of both fluid and porous
layers on critical Rayleigh number has discussed
graphically in detail.

DDM convection with Dufour effect has a wide
range of its applications in industries especially in
crystal growth, semiconductor processing, nuclear
waste disposal, hydrology, oceanography, geothermal
energy and so on. The occurrence of two-layer system
in these applications is common. In this paper, the
problem of DDM convection with Dufour effects, in a
two-layered component system with incompressible
dual component fluid saturated sparsely packed
porous layer over which lies a layer of the same fluid,
has been studied analytically by Exact Method using
Darcy-Brinkmann model The impact of distinct
physical parameters on DDM convection has been
investigated in detail manner and results are presented
graphically. The effect of Dufour parameter, which
plays vital role in diffusion-thermal process, when the
energy flux due to mass gradient appears, on DDM
convection in a two-layered system, has been explored.

2.0 Mathematical modelling

The physical model under the consideration of
composite layer system with a horizontal two -
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component fluid saturated, incompressible, isotropic
and sparsely packed porous layer is of thickness d,,
and a fluid layer of thickness d. Both the boundaries of
the composite layer system are considered to be rigid
and these boundaries are acts like heat and mass
insulators along with maintained, distinct
concentration and temperature. The origin point of the
Cartesian coordinate system is taken exactly at the
intersection of porous and fluid layer along with
direction of z-axis is vertically upwards. In addition to
that, for the effect of density variation, Boussinesq
approximation is included. Under these following
assumptions, the governing equations are, the

continuity, momentum, temperature and
concentration equations as follows.
For fluid layer,
V.g=0 (1)
32+ (§.9)d] = —vP + u V%
po |5, +(G.V)q| = +uVeq - (2)
S+ (V)T =k VT + ky V2c .G
% +(G.V)c = k. V?c (@)
For porous layer,
V.G = 0 ..(5)
Po dm H =
fm = —VmPm — EQm"' numVZQm ... (6)
Ty
A a + (Qm.vm)Tm=kan% Tm + kaVnzlcm
@)
d >
¢ —m (Gm Vi) em = KincVincm - (8)

dtm

Where g=(u, v, w) is the fluid velocity vector, t is the
time, u is the viscosity of fluid, p, is the fluid density, P
_ (Pocp)m

(pcp) f
capacities, ¢, is the specific heat at constant pressure,
K is the permeability of the sparsely porous medium,
T is the temperature, k is the thermal diffusivity, k_ is
the solutal diffusivity, k; is the Dufour coefficient, c is
the concentration, ¢ is the porosity, the subscript m
refers to the respective physical quantities in porous
layer. Consider the basic state, in the composite layer
system the fluid layer is stable and also assumed it is
inactive, means quiescent. Therefore there is no motion,
so, set the velocity vector g is zero, where, the mass
and heat are transferred only by conduction in the

fluid layer, [u,v,w,p,T,c] =[0,0,0,py(2), Ty (2), cy(2)]

is the pressure, is the ratio of heat
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and in the porous layer, [u,,, Vn, Wi, P T €] = 10,0,0, Dot (Zim), T (Zim), € (Z1) ], the subscript b stands
basic state.

For both fluid and porous layer, the temperature distribution and concentration distributions are
Ty (2), Trmp(2m) and Cp(2), Cpp(Zzy,) respectively are found to be

Ty(z) = Ty + o2 in 0<z<d
Trp(Zm) =T +% —dp<zn <0
Cy(2) = Co + =22 in 0<z<d
Cop (Z) = Co + % in —d,, <2, <0

Where

Kk dp Ty+d ki Tr - dmky Cy+k Tip d CL d K Top+dm kt C. = KsCudm+d ksmCL
T, = —Co|——— ) and (g

k dm+d km K dm+d Ko K dt+d ko T T dkgptdn ks A€ the interface
temperature and concentrations respectively. It is evident that the interface temperature depends on interface
concentration due to Dufour effects. To analyze the stability of the basic state solution, an infinitesimal
perturbations are introduced and the perturbed quantities are of the form.

For fluid layer
[Ei:rPJ TrC] = [0, Pb(Z)JTb(Z)JCb(Z)] + [EI’,P-"’ S,S]

For porous layer

[Ei"mr Py Ty Cn 1 = 10, Py (Zim)s Tonp (Zim), Conp (Zi) ] + [Ei"mr Py 6m, Sl

Substitute above perturbations into equations (1) - (8) and apply two times curl on the momentum equations
to eliminate the pressure term. The resulting equations are linearized for (1) - (8), then they are non-
k

dimensionalised using the following variables alied

Co— Cy, dand T, — T, for time, velocity,

dz, k

concentration, length and temperature respectively in region-1 and k—m, d_m’ C,— Cy, dp, and T, — T} are
m m

the corresponding scale factors in region-2. Applying normal mode expansions to the perturbed non-

dimensionalised quantities (following Sumithra [10]) result in the following ordinary differential equations,
In 0<z<l1

(D? —a®)*w =0 .. (9)
(D? —a®)@ +W +D,(D? —a*)S =0 .. (10)
(D —-a?>)S+W =0 .. (11)
In-1<Z <0

[AB* (D, — az) — 11(DF, — af )W, = 0 . (12)
(D2, — a%)6,, + W, + Dp,,.(DZ, — a2)S,, = 0 .. (13)
Tpm(D5y, — @) Sy + W = 0 .. (14)

k
Where, for fluid layer, p, = ~ s the Prandtl number, T = f is the ratio of salinity diffusivity to thermal

k
ke (CU_Cu)

K (To—Toy) is Dufour coefficient. For the porous layer,

u
diffusivity, V = o is the kinematic viscosity and D, =

_$v 2 _ _ . _ Kme . ..
Prm = . is the Prandtl number, f)) = D, is the Darcy number, Tpm = T s the ratio of salinity
m m

~dh
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diffusivity to thermal diffusivity, D = L= e Du fficient and 1 = =2 is the viscosity rati
1 US1V1y (0) erma 1 US1V1y, mr km (TL_TO) 1S e urour coerricient an u 1S ev1sc051yra 10.

Boundary conditions

At the upper boundary.

W(1) =0, D*W(1)—Ma?6(1) —M;a’S(1)=0, DO(1)=0, DS(1)=0
At the interface

W (0) = g Wi (0), S= %Sm, 0(0) = %’" 0 (0)
DW(0) = gomwmm), DS(0) = Dy Sm(0), DO(0) = Dy, 0, (0)
— 2 4
[D? — 3a2D]W(0) = —— Dy, Wy, (0) + — [D3,3a2, Dy Wiy (0)
Dyéer Er

At the lower boundary
Wn(=1) =0, DWWy (=1) =0, D,0,(-1)=0, DpS,(—-1)=0

00 (Ty-Td .+ _ _ 30 (Co=Cu)d
T px ST 3s ok

Where M = — are the thermal and solute Marangoni numbers

k
™ are the ratios of thermal diffusivity to solutal diffusivity for both fluid and

k
respectively. £ ==, & =7
mec

ke

d
porous layers respectively and § = d, s the depth ratio.

Solution by Exact Method

The final solutions of the differential equations (9) and (12) are not depend on 0(z), S(z), ©,(Z,), S,, (Z,). The
expressions for W and W, are solved by using the velocity boundary conditions and are obtained as below,

W(z) = A, [cosh(az) + A¢ z cosh(az) + A5 sinh(az) + 4, z sinh(az)]

And

Wi (z,,) = 44 cosh(a,,z,,) + 4, sinh(a,,z,,) + 45 cosh(8z,,) + 4, sinh(6z,,)
Where

A = ’128 ’129 - /131 ’126 A, = AZS - ’12? Al
1= _ ’ 2=
Aa7 Aag — Az0 226 A 26
—cosha,, (3) + sinhé 4, + sinha,, 4,
A3 = s

coshé — cosha,,

. . £r
e 4, sinhd + 4, sinha,, — cosha,, (?)

A, =—=—
T ¢ Coshé — Cosha,,
4 = (A3 —ald)d; + (A —ad)dy, d; =7 —2e)A3+ A6 A5 — a
’a ‘a3 ) 4(6% — 3a%,6
= (S 8m  Sam) (S N m)1
2a3Dyer  erad 2a3Dyer 2a3er
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Aog = E?T(S sinhé cosha,, — a,,coshd sinha,,)

Asg = (AA; — Adg)a,, cosha,, — (A4, + A3 — ad,) (=6 sinhé + a,, sinha,,)
Az1 = —a,, sinha,, (A5 1, tanha + A Ag tanha + Ag As —a — 1) — § sinhd (1 + a — AgAs)
A6 = & sinhé sinha,, — a,,(sinha,,)? — a,,coshé cosha,, + a,,(cosha,,)?

A, = §(sinhd)? — a,, sinha,, sinhd — §(coshd)? + & coshd cosha,,

Azg = 6 cosh§ (AL, — Adg) — (Ad, + A4 — aly) (=06 sinhé + a,, sinha,,)

4 = tanha Lo _Sam  ¢am PR S o Chld-:1C)
’ 17 2a3D,er  epad’ 27 2a3D,¢r 2erad
2= a=tr 2 = HmS
* er ° ¢’ ° Haer
352 2
_ HmS & _ ¢ — 2 1
A'? = 2augT , A3 = (ST) A, o= A + ﬂDa

The concentration distributions S(z) and S, (Z, ) are getting from the Differential Equations (11) and (14) by
substituting the algebraic expressions for W(z) and W, (z,) and are solved using the concentration boundary
conditions and are as below.

S(z) =44 [-410 cosh(az) + 4, sinh(az) — &]

And

S (Zm) = A1|4g cosh(amzm) + Ag sinh(anz,) — g(z)rpm‘l]

Where
zsinh(az) Aszcosh(az)
f2) == 6@ + 5(2)
Vips zcosh(az)
61(2) = a [z sinh(az) — —]
A inh
§,(2) = — [zzcosh(az) — M]
4a
_ A4z, sinh(an2y,) | AZpy cosh(anzy,)
g9(z) = 2a,, 2a,, + 83
As A,
b3 = (62—) cosh(dz,,) + (62—) sinh(6z,,)
4y = p1 cosha + 8, — ap, ’ 4

—a,, cosha tanha,, — (3) & sinha
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Ages Azes D2 (Es)
Ao = — , A1 = — | —)4g tanh
10 ¢ §Tpm (6% — a3,) 7 cosha ¢)® anha
g3 cosha fi Aseg sinha
Sp=\——"— | P2 =— 2 _ .2
Tpm Cosha,, at  Tpm(6% —ag,)

114s 4 1714, 64,
P1 5. ] [

gz =07+ 8g— 89+ 619

7124 4a? _rpm 2a,, 6%—a2l’
e . _ 4z .
6, = — (—a,, cosha,, — sinha,,), 8g = — (a,, sinha,,, + cosha,,)
20, 20,
. 436 4,6
69 = sinhé (m), 610 = coshéd (m)
8011 0124: Ag ( cosha) 4, ( sinha)
h=2a% 2a Ta\"n " 1a\%2 " g

811 = a cosha + sinha, 812 = a sinha + cosha

The temperature distributions ©(z) and @m(z,) are getting from the Differential Equations (10) and (13) by
substituting the algebraic expressions W(z), W, (z,), S(z) and S, (z,,) and are solved by the make use of temperature
boundary conditions and are as follows.

O(z) = 446 coh(az) + A5 sinh(az) + 6,;(2) + 615(2)

And

0(zy) = 415 cosh(aymzy) + A4 sinh(a,zy) + 819(2) + 620(2) + 8,1(2)
Where

817(2) = 8,34, z sinhaz + 8,344 z coshaz
818(2) = 8,54, 2% coshaz + 8,54 z° sinhaz

[ D, 4 A

20 Tym 201y,

. DmrAZ AZ
Zmsinh(am,z,) + lzam’fpm 20,

] Zmcosh(amzm)

[ =4, ﬂlé'szr ﬁla%ler .
820(2) = ST—al P —ai)? o (5% — )’ sinh(6zy,)

5,,(2) = [ —43 Dmrﬂsaz agl‘ASDmr
57— a2, T (67— aZ)?  Tpm(0% — aB)?

5 _(DT 1)+(1 3D,,) 5 _ 3D, 1
B 7 \2ar 2a 4a2 16a?t)’ 7 4t

t, sinha,, + t;3 sinhals + t, sinha §,;
13 —

lcosh(&zm)

cosha sinha,, + sinha cosha,,d,3

5 —(a)zl 4, Dy 1 5 _(1 3D,,)£l
" \a,) B a, 20;mTpm 20/’ 257 \4q2 16a27)°°
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6' _ 5A1 62D‘mr aranmr
267 4, (62 — a2, 6% —af  Tpm(6% —ap)
Ais = t, (;) — A5 cotha (i) Ay = 834+ 825 — 626
&r sinha €r
Er &r Dmra2 a,%an,— 43
‘416:‘415(_)"'(_) —1-= z 2 2 2 2
¢ ¢ 6 — A Tpm(6 _am) 6 —am
er cosha,, €rad
= — =, t, = A + A
22 ca. 23 @ 1 31 32
cosha
131 = a [627 + 628 A? + 45529 + A6630]
sinha

A3 = a [527 Ag + 825 Ag + 029 + Zl7530]

1 D, 3D, 1 3D, 1
8y7 =5 ——, 828 = - 5
2 T 16ar 4a 8Bar Z2a
1 D, 3D, 1 3D, 1
Spy = — — =1, 80 = - -
297 2a  2at 307 16a21  4a? 167 +
(=5 A(Dr 1) A(l 3Dr)
28 >\2ar  2a °\4a2 16a’t
Sur = A Dy _ 1 + 84, 1 52Dmr _ aranmr
i 2 20mTpm  2am,) 6% —ah 02 —a% Tpm(6%—ah)

t; = (a,, cosha,, + sinha,,) 834 44 — 835 + 83,

5 = 5 ( 456 sinhé 4,6 coshéd ) C s [Aggrsmha
27 Nan(@® — ah) - an(8® - af))’ +=h TS e )
. Dy 1
833 = (ap, sinha,, + cosha,,)d3, 4, , 824 = T
mtpm m
835 = —1— Dy 6” @i Dy

82— ah  Tpm(67 — af)

To obtain the Eigenvalue, the thermal Marangoni number

The thermal Marangoni number is obtained by using the coupled boundary condition at the upper fluid
boundary which is free with Marangoni effects, which is

D*W(1) — Ma?0(1) — M;a’S(1) =0
By solving for M, by substituting all the known quantities, we get
cosha 33 + sinha 134 — Mg a? (41 cosha + A;, sinha — %[4135 + A3 + A37])

Jﬂlﬁ Cosha + 413 Sinha + ’3'38 -+ 3.39 + /‘{40

M =
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Where
Az =a?+2ad;+a%ls, A3q = a’As +2adg+a? A,
Azg = sinha + cosha ﬂ—s, A3e = (sinha — cosha ﬁ
2a 2a 4a
A37 = (sinha — cosha ﬁ
a “4a
Azg = sinha [( Dr - l) + (i - ﬂ) A7]
2at  2a 4a? 16a’t
Az9 = cosha [( Dr - l) As + (i - ﬁ)ﬂﬁl
2at  2a 4a’? 16a’t
v = A, cosha (3D,, 3 1) N A sinha (3D?. 3 1)
4a 4t 4a 4t

Graphical Interpretations

The thermal Marangoni number M which is the
eigenvalue of the problem Darcy-Brinkmann DDM
convection in a two-layered system with Dufour effects
is obtained in closed form as an expression of physical
quantities the Darcy number, the ratio of diffusivities,
the viscosity ratio, the Dufour parameters and the
depth ratio. To illustrate the impacts of these
parameters on the stability of the system, the
eigenvalue which is the thermal Marangoni number in
DDM convection problem, is plotted as a function of
depth ratio for various of values of other physical
parameters.

The impact of porous parameter Darcy number Da
on M for fixed values of a =1.5, £,=0.5, [i=1, M =10, Dr=3,
D, =1, £=0.25 is shown in fig-1 for D=0.1, 02, 03.
From the figure, clearly evident that one of the
interesting fact the curves are converging at both the
ends. Fixed a fixed value of the depth ratio (c), the value
of M falls down with increase the value of porous
parameter Darcy number D, the DDM convection is
preponed for larger values of Darcy number as there is
more window for the fluid to move in the porous layer,
hence the two-layer system is destabilized.

The effect of ratio of thermal-solutal diffusivities in
the porous layer, ¢, on thermal Marangoni number M
for fixed values of a=1, £~=0.75, D =0.1, i =1, M =10,
D=3, D, =2 is shown in fig-2 for ¢=0.25, 0.5, 0.75. For
values of depth ratio ¢ in the range [0,0.6], the thermal
Marangoni number decreases with increase in the
ratio of thermal-solutal diffusivities in the porous

108 || Vol 70 (7A) | http://www.informaticsjournals.com/index.php/jmmf

layer and for ¢ > 0.6 variation in & has no much effect
on the same. Hence this parameter is effective for minor
values of ¢, that is for sparsely packed porous layer
dominant two-layer system, which is physically
sensible.

The effect of the ratio of thermal-solutal diffusivities
in the fluid layer, &, on M for fixed values D =0.1, a=1,
£=0.75, i =1, M =10, D,=3, D, =2 is shown in fig-3 for
g=0.25, 0.5, 0.75. There is a dual behavior of the ratio
of thermal-solutal diffusivities in the fluid layer, &, on
the DDM convection depending on the depth ratio. For
the depth ratio, g values in the range [0,0.6], the value
of M rises up with increase in this ratio and for ¢ > 0.6,
the value of M decreases with increase in the same.
Hence for porous layer dominant two-layered
systems, the higher values of this ratio and for fluid
layer dominant two-layer systems, the smaller values
of the ratio, are convenient to control DDM convection
in a two-layered system.

The effect (i on M for fixed values D =0.1, a=1, £,=0.25,
£=0.25, M=10, D=1, D, =1 is shown in fig-4 for /i =1,
1.2, 1.5. From the figure, it is evident that this influence
of the viscosity ratio is effective for only smaller values
of depth ratio, that is, for porous layer dominant two-
layer system. Which is quite reasonable the effective
viscosity of the fluid in the porous layer is dominant
only for PLD two-layer system. For a fixed value of
depth ratio, thermal Marangoni number increases
with increasing the values of u. Hence, larger values of
the effective viscosity of the fluid in the sparsely packed
porous layer makes the two-layer system stable by
postponing the DDM convection.

Journal of Mines, Metals and Fuels
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Figure (1 and 2) shows the effect of D, and &, on Thermal Marangoni number M
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Figure 4

Figure (3 and 4) shows the effect of &, and fi on Thermal Marangoni number M

The impact of Dufour parameter D, of the fluid layer,
on the thermal Marangoni number M for fixed values
D =0.1, a=1, £=0.25, £¢=0.75, u=1.5, Ms=10, D, =1 is
shown in fig-5, for Dr=1,2,3 . From the figure, clearly
evident that one of the interesting fact, the curves are
diverging at one of the end indicating that the impact
of Dufour parameter inside the fluid layer is effective
for the bigger values of depth ratio, that is, for fluid

Vol 70 (7A) | http://www.informaticsjournals.com/index.php/jmmf

layer dominant two-layered system as expected. For a
set value of depth ratio, the value of dufour parameter
rises up, decreases the values of M and the decrease is
drastic, hence the thermal Marangoni number is very
sensitive to Dufour effects in the fluid layer. The
smaller values of this parameter is convenient to
control DDM convection in a fluid layer dominant two-
layer system.
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Figure 6

Figure (5 and 6) shows the effect of Dr and Dmr on Thermal Marangoni number M

The impact of Dufour parameter D, . of the porous
layer on M, for the fixed values of D =0.1, a=1, £=0.25,
£=0.75, ji=1.5, M =10, Dr=1 is shown in fig-6, for D, =1,
2, 3. From the figure, it is clear the curves are
converging at both the ends, indicating that the effect
of Dufour parameter of the porous layer is effective for
the moderate values of depth ratio. For a fixed value of
depth ratio, the increase in the dufour parameter of the
porous layer, decreases the thermal Marangoni
number slightly and this small change is effective only
the range of depth ratio, shown in the figure 6.

Conclusions

The problem of Darcy-Brinkmann DDM convection in
a two-layered system with Dufour effects is solved in
closed form and the following deductions are made
from the study.

1. The cross-diffusion effects like dufour effects plays
a significant role on the onset of DDM convection.
In the fluid layer, Dufour parameter has a crucial
impact on DDM convection in the two-layered
system.

2. Larger values of the Dufour parameters of both the
layers support the stability of the two-layer system
and control DDM convection.

3. The thermal-solutal diffusivity ratios in the fluid
and porous layers do contribute to the DDM
convection. Larger values of thermal-solutal
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diffusivity ratio in the fluid layer and lower values
of thermal-solutal diffusivity ratio in the porous
layer support stability for porous layer dominant
two-layered system.

4. Larger values of the Darcy number destabilize the
system, hence DDM convection can be preponed

5. Higher the viscosity ratio, the more stable is the
system and DDM convection is postponed
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