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Abstract

Double diffusive convection is the phenomena that describes the convection driven by two differ- ent densities which have different
rates of diffusion. A comparison of two temperature boundaries when i) both the surfaces are set at adiabatic temperature, and ii)upper
free surface is adiabatic and lower rigid surface is isothermal cases, on surface tension driven double diffusive convection in a horizontal
composite layer is studied analytically using exact method. For both cases i) and ii), the thermal Marangoni number (Tmn) is
determined, which is the eigen value, for upper free and lower rigid velocity boundary conditions. The results indicate that the given
system is a fluid dominant composite system and adiabatic-isothermal thermal boundary is more stable compare to adiabatic-adiabatic

boundary condition.
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1. Introduction

Marangoni convection is the mass transfer along an
interface between two fluids due to surface tension
gradients. Bergman (1986) demonstrated that surface
tension in a binary fluid fluctuates with temperature
and species concentration if both contribute oppositely
at a free surface. In the science of convection, the study
of convective motions when there are many diffusing
components with differing molecular diffusivities is of
recent development. In composite layers, double
diffusive or two-component convection has a wide
range of applications in crsytal growth, solidification
of alloys, upwelling of nutrients, controlling the climate
of earth, vertical transport of heat and salt in Oceans,
astrophysics, geophysics, biology and limnology. A
linear stability analysis has been investigated by
Ming-Ichar and Ko-TaChaing (1996) in a double
diffusive layer. Sumithra (2012) has inves-tigated the
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onset of double diffusive convection in a two-layer
system with a magnetic field for the Darcy-Binnkman
model. Recently, Gangadharaiah (2021) has studied
double diffusive Marangoni convection in a superposed
fluid and saturated anisotropic porous layer.

Hill (2005) studied linear and nonlinear stability
analysis at the initiation of double-diffusion con-
vection in a fluid-saturated porous layer with a
concentration-based internal heat source. Gaikwad
and Dhanraj (2014) conducted an analytical study of
the effect of an internal heat source on the beginning of
both stationary and oscillatory double diffusive
convection considering anisotropic porous layer, and
also by Altawallbeh et al. (2013) with soret effect.
Deepika et al.(2016) investigated the onset of double
diffusive natural convection in a fluid saturated porous
medium considering temperature and concentration
gradients across the surfaces into account. The
combined effect of buoyancy and surface tension in a
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liquid saturated porous layer with temperature and
concentration dependent viscosity has been studied by
Bahadori and Rezvantalab (2014). Khalid et al. (2016)
examined the reaction of Soret and Dufour coefficients
in a rotating nanofluid layer with uniform internal
heat source and feedback controller on double diffusive
convection for rigid-rigid, rigd-free and free-free
boundary conditions. Sumithra et al. (2012), (2018),
(2020), (2021) investigated the effects linear and non-
linear temperature profiles on two-component
Marangoni convection composite medium for Darcy
and Darcy-Brinkman model, and has extended the
same work considering uniform and variable heat
source. Most of the researchers have considered double
diffusive convection in a single layer with uniform
heat source. There are only few works are available on
double diffusive surface tension driven convection in a
composite layer. In this research paper, we compare
two thermal boundaries (i)when both surfaces have
symmetric (adiabatic) conditions, and (ii)upper surface
of the fluid medium is adiabatic, lower surface of the
porous medium is isothermal, on the double diffusive
Marangoni convection in a composite layer considering
variable heat sources.

2. Mathematical Analysis

We consider an infinite horizontal fluid saturated
porous layer of thickness d, beneath a layer of the same
fluid of thickness d. The porous layer’s bottom surface
is rigid, while the fluid layer’s upper surface is free. The
thermal boundaries of the composite system are
considered for two cases (i) both are adiabatic, (ii)
upper layer is adiabatic and lower layer is isothermal.
A cartesian coordinate system (x, y, z) is chosen such
that the origin is at the interface between the fluid and
fluid-saturated porous layer and the z-axis pointing
vertically upwards.

The basic governing equations for the above
configuration are:

(Subscripts 't ” and ‘'m’ represents fluid and porous
layers respectively) In the fluid layer (0<z<d)
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where 17} and V respectively are the velocity vectors

of the fluid in the fluid and porous layers, p, is the fluid
density, u represents the viscosity of the fluid, P, the

pressure, ¢ refers to the porosity, K represents the
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permeability, A = ‘;T

- represents the ratio of heat
capacities with C_ as the specific heat, x and k, refers
to thermal diffusivities of the fluid and porous layer
respectively, T and T, are the temperatures in the fluid
and porous layers, Q and Q,, denotes heat sources in
the fluid and porous layers, ¢ denotes time, ¢ and c,,
denotes concentrations in the fluid and porous region,
ksand x,, denotes solute difffusivities in the fluid and
porous medium respectively.

The governing equations are solved assuming the
basic state is quiescent [Sumithra et al. (2020)]. The
temperature and concentration distributions [see
Manjunatha and Sumithra (2018)] are:
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and species concentration respectively. T, represents
upper temperature and T, represents lower
temperature, subscript ‘b’ represents basic state.
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Following Sumithra and Manjunatha (2018) the method of infinitesimal pertubations are superim- posed and
the governing equations are nondimensionalized by choosing suitable scaling parameters after linearization (see
Manjunatha and Sumithra (2018)). The time derivative can be removed from the perturbed dimensionless
equations since the concept of exchange of stability holds for the provided composite system. Then we perform
normal mode expansion to obtain solutions for w, w,, 6, 6,, s, and s, in the form

[w,0,s] = [W(z),0(z), S(z)]e!x+m) .. (13)
[wmremrsm] = [Wm{zm }? G)m{zm} SIH zm ]8 Ir"(‘H”}J (14)

The differential equations so obtained by applying equations (13) and (14) to the perturbed dimensionless
equations are:

(D?- )’ W(z)=0 . (15)
(Drzn ) Wm(zm) =0 (16)
W(z)VR,
(Dz—a2+R,)6{z}+TVR_I’cos(-@z)= 0 (7
4 Wm RI,”
(D} —a, +R, )0, (z,)+ sin /K, COS( R, z, ) =0 .. (18)
1 (D? - a®)S(z)+ W(z) =0 . (19)
TIHP (DIZH NI)(;HI{ZIH}—'_ WIH(ZHI) = (} (20)

where ; — /12,2 and ay, =V 2 4+ 1712 are horizontal wave numbers in the fluid and the porous medium

respectively, W and W, are the velocities of the fluid and the porous layers in the vertical direction, R; = QT‘P and

2
R! Qm dm
m K

are the internal Rayleigh numbers of the fluid and porous layers f= %f and Typ = %: are the

solute to thermal diffusivity ratios in the fluid and porous layers respectively.

The corresponding boundary conditions for solving equations (15) to (20) (nondimesionalized and subjected
to normal mode expansion) follows from Manjunatha and Sumithra (2018):

D*W(1)+Mra’©(1) + M,a’S(1) = 0 - (21)

The velocity boundary conditions are:
W(1) = 0 W(=1) = 0 W,i(0) = L W(0);

4
. (22
(szrf+a:1r)wxrr(0} (7, (D2+a2)w (DB_SQED)W(O): D ——— D W, (0) (22)
Thermodynamic boundary conditions are:
DO(1)=0=D,,0,,(-1)=0 (Adiabatic-Adiabatic condition);
€
©(0) = —TC’),,I{O)D@{U} Dy, ©,,(0); - (23)
D,,©,,(-1)=0=0,,(-1) {Adlabatlc Isothermal condition)
Boundary criteria for salinity are as follows:
DS(1)=0; DySu(-1)=0; S(0)=5,(0); DS(0)= Dmsm{o)} . (8)
Here C = 5 is the depth ratio, €7 = ﬁ" is the thermal diffusivity ratio, €; = % is the solute diffusivity ratio,
ao— T_]:J d 8 C _C,, d
B> = dﬁz- = Da is the Darcy number, M, = *Tu is the thermal Marangoni number and M, = elaa)d
m ot ’u}{ a! )’JK

is the solute Marangoni number, where o is the surface tension.
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3. Solution by Exact method

For the above boundary conditions, thermal Marangoni number (Tmn) is obtained by using exact method for
two different thermal boundary conditions viz; (i) both the upper surface of the fluid layer and the lower surface
of the porous layer are adiabtic, and (ii) the upper surface of the fluid layer is adiabatic but the lower surface of
the porous layer is isothermal.

The solutions for vertical velocities are obtained by solving equations (15) and (16) using velocity boundary
conditions (22) and are as follows:

W(z) = (coshaz + A,3sinhaz + Asszcoshaz + Ayszsinhaz) A, .. (25)

Winl(zm) = (Am3, coshay,z,, +Am32 SI.mh'f*‘-mzm)Al .. (26)
_ €Er. —_ CTCGSharrl . — a,,,(’,z‘rosha,,, .
where A”Tsl - A”Tsz = Csinhay, ’ Az = 2a*(Da)sinha,,’
aﬁ‘t’,z —cosha—(Ays+Ays)sinha
Agz === —a; Az = cosha

The solutlons for S5(z) and S, (z,,) are obtained by substituting W(z) and W, (z,,) in equations (19) and (20) and
using salinity boundary conditions (24).

S(z)=A,4 (A53coshaz + Agszsinhaz — Tigrl(z)) - (27)
f J

( . 1
Sm(zm) = Al (Afn;;;COShamzm + Afri3451nhan:zn: - _ng(zm)) (28)
mp

where  g,1(z)=g; + %gz + %g\g, g1 = %sznhaz+ Az"; coshaz, As3=0,+ e(—A

M3
g = z%sinhaz - =coshaz + —L;sinhaz, g3 = z%coshaz - =sinhaz + L coshaz

2 2a
A ZmAmy, 1{« : 1 al,C?

gr2(zm) == m siha, zy, + ”2am coshamzy, Ags = a (03 + a"‘A”‘M )’ 0y = Balty {T —a

_ acmham((ﬁl—ozunha} cu*.ha(oﬂu‘;ham+(§4am} _ - . )
A”’33 - ,,,(msha}smha,,,+ a(sinha)cosha,, A”’34 - secham (b4 +A”‘335”Iham ’
Oy = 2a [A,,132 (cosha,, + a,,sinha,,) — A, (sinha,, + a,,,cosham)]

”l F”I

| A - A AH Anr\ o _ A 1 .
o __T(all'i_ cn 012_'_ “013"' 2 014) (\)3_7{ 23 4;;]_2%:;;;»} 014_T§'[C05ha+(a—3)51?1ha]

- - A .
011 = ==(acosha+sinha), 815 = 52(asinha+cosha), &1 =52 [smha+(a— %)msha]

3.1. To obtain Tmn MT1 when the free surface and the rigid surface are both adiabatic (A-A)

The equations (17) and (18) are solved using (25), (26) and adiabatic boundary conditions as mentioned in (23) to
obtain O (z) and 6,,(z,,).

©1(z) = Ay[c13cosh(bz) + cp3sinh(bz) - f(z) .. (29)
@ml (zm = Al [C33 COSh(bmzm) +C43 Slnh(bmzm) - fml (zm)] ... (30)

The Tmn MT1 obtained from the boundary condition (21) for the A-A case is:

/ [ .2 As—ci3bsinh(b)
where b = +/a? _RI and b, = \[a;, —R;m, Ci3 = Al +5 C';:;, Co3 = W

Caz = cazby, sinh(b,,) Ay = Ags A, = VR, (A _ @ n ﬁf’ls“s) Amzy YRy,
43 by, cosh(b,,) ’ 1 2a+/Rysin(v/R;) |’ 2 2asin(y/R;) 23 R; 2a,,sin(4/Ry,,) !

—bAsinh{b)cosh(b,, }-A; cosh(b)cosh(b,,)+A; cosh(b,, )+Acosh(b) f f +f +f )
b, sinh(b,,)cosh(b)+-L bsinh(b)cosh(b,,) ! 112 2asm\|"_ 1 12 13

m (-"h + A23?]2 +A33?]3 +A43-'?4)y fll = (sinhaz +A2'A}C(}‘Sha2 SI?I('\/_Z)

i = acosh(a)sin(vRT) + VRTsinh(@)cos(VRT), ot () = %(fﬂf)
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1, = asinh(a) ﬂ;m(\/_ VR;cosh(a)cos(VR;), Ay= - qln(\/ﬁ}(AmmAl sy N2)

113 = asin(y/Ry)cosh(a) + VR cosh(a) cos(vRy) — L y/R; cos(y/Ry) cosh(a)
_sm(\/R_)smh( ) \(R—Icos(\/_)cosh( ), fm, —Amﬂsznhamzm

1141 = asin(y/R;)sinh(a) + VR cos(VR;)cosh(a) - sin(y/R;)cosh(a

fi2=As;s [ﬁ(sinhaz)cos(\/R_;z) + (zsz’nhaz— %fmz)sin(\/R_;z)} . Ny =14 +Ha2

fiz =Ags [\/L_(coshaz cos(VR;z) +(zcoshaz - M)sin(\/R_;zﬂ

A =a,,cosh(a,,)sin( \/_ Wsmh (@,,)cos( \/ﬁ) fingy = Amsy,c0shay,zy,

A3 = a,,sinh(a,,)sin(y/Ry, )+ \/Rj, cos M)cosh Am), M1z = (\/LR_: - @ )cos(\/R_;) sinh(a)

2 1
y _ D*W()+Mas()  MitMa (M3‘EM4)
he a20,(1) B a2 (My; — M)

where M, = [a2 (1+As3)+ 2aA43]cosha+[ 2(1+Ay3) + 2aA3;]sinha
Mgl = C13C05hb+C23anhb; M22 MWW,_(M23+M24A33+M25A43)

‘ : h
M,3 = (sinha+ Asscosha)sinyR;; Moy = [smha— “’ff’“] 4 cosVRysinha

VR;
; . svRjcos} .
M,s = [cosha -~ %]sm\/ + %; Mj = Aszcosha + Agzsinha
T
_ sinha | Ajscosha | Ass ) co‘;ha Ags ( ) _ :;inha]
My =575+ B —+ (1+ sinha — + 52 (1 + 57 Jcosha — =7

3.2. To obtain Tmn M, when the free surface is adiabatic and the rigid surface is
isothermal (A-I)

The equations (17) and (18) are solved using W(z), W, (z,) and adiabatic-isothermal boundary conditions as

mentioned in (23) to obtain ©,(z) and 6, ,(z,,).
O;(z) = Ay [c12c08hbz + cy2s5inhbz — f,(z)]

mZ(zm = Al [632605h (bmzm) + C425H’1h (bmzm) - fm2(zm)]

where b=+/a2-R;, b, =.lan-R;, c3= thb (Y4 + capsinhb,,)

_ (i=Yscoshb)coshb,,—(Yycoshb,,+ Yy L )bsinhb
Ca2 = bt (sinhb)sinhb,,+b,,(coshb)coshb,, !

fZ(Z) = fl (2), fmZ(zm) = ffnl(zfn)r Yy= g%m [Anxg,,Sf”ham _Afn32605han:]
T3=A7;, Yo=Ay, Yy=A;s
The Tmn MT7 obtained from the boundary condition (21) for the A-I case is:

M, + M,a? (M3 - %Mgt)

- b €
C2 = F+ca, 2= Feant

M - DWW+ Ma?s(1)
" @0,(1) 4 (My M)
where M, =M,, Mz :ClQCOShb+6225f?lhb, Mz, = 2aqm\{_(M33 +A33M34+A43M35)

‘ : : h
M3 = (sinha+ Ayscosha)sinyRy,  Msy = (sinha — <19) sin /Ry + 4 sinha)cos VR,

VR;

. , sh svR

M;s = (Cosha _ srr:}:a)SIr!\/R—I+ (cosha)cosR;
¢ VR;
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4.0 Result and discussion

MarangoniNumber
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Figure 1: Comparison of M, and Mr,

Surface tension driven double diffusive convection
(STDDDC) in a two-layer composite system with
variable heat sources is compared for two thermal
boundary conditions in this work: (i) A-A and (ii) A-I
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boundary conditions. The eigen value, Tmn is obtained
using exact method for both the temperature
boundary conditions. Below are graphical
representations of Tmn for STDDDC as a function of
physical parameters versus depth ratio &.

The comparison of Mr, , Tmn for adiabatic-adiabatic
(A-A) condition and My, , Tmn for adiabatic-
isothermal (A-I) condition is illustrated in figure 1. It is
seen that Mr, is greater than My, , indicating that the
A-I case is more stable than the A-A case for increasing
depth ratio values, indicating that the fluid layer
dominates the composite layer. Also, when the depth
ratio increases, the Tmns decrease.

The graphs of Tmn’s M, and My, for varying
porous internal Rayleigh number R; =0.2, 0.5, 1 and
fixed parameters Da = 0.005, R, =1,a=13, &, =£,=0.5,
t. =1, =M, =1 are shown in figures 2(a) and 2(b)
respectively. For the A-A and A-I cases, the Tmn’s, M,
and Mz, decrease with increas- ing values of R;,,. As a
result, increasing this parameter’s value causes the
system to destabilize. The curves diverge, showing that
the effect of this parameter is more pronounced for
higher depth ratio values, i.e. for fluid layer dominated
composite systems.

In figure 3, the effects of fluid internal Rayleigh
number for R;=0.2, 0.5, 1 and a = 1.3, Da = 0.005, ¢, = &,
=0.5, le =T, T M, =1 is shown. The Tmn’s, M,
and Mr, are showing decreasing effect when R, is
increasing which indicates that the system is

[T T T T T T T TP T T =TT T[T T T T =TT T=T=T=T=T=T=T=T

A1

Marangoni Number My,
I o
o (=]
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Figure 2: Effects of R,
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destabilized and so the onset of STDDDC convection 1 are shown in figure 4 while other physical
occurs faster. The curves for increasing depth ratios  parametersa=1.3, Da=0.005, &,=0.5, R;=R;, =7,=1,

diverge for both the A-A and A-I cases, demonstrating = M_ =1 are fixed. For larger values of depth ratio, the
that this parameter is important for fluid layer curves of M, and My, converge, indicating that this
dominating composite systems. parameter is effective for porous dominant composite

The variations of solute diffusivity ratio ¢, = 0.1, 0.5, systems. As Es increases, My, and My, decreases, the
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Figure 4: Effects of ¢
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system is destabilized and hastening the onset of
STDDDC.

In figures 5(a) and 5(b) the effects of thermal
diffusivity ratio £,=0.1, 0.5, 1 on Tmn’s for a=1.3, Da =
0.005, ¢, = 0.5, R, = R, = =T, = M, =1 are shown.
Increasing the values of ., My, and Mr, increases for ¢

L T S . S 7515 S, . T

< 0.5 and decreases for §> 0.5. The range of depth ratio
plays a significant role. Thus, the onset of STDDDC can

be postponed or preponed by choosing suitable range

of depth ratio and thermal diffusivity ratio.
The effects of Darcy number Da = 0.01, 0.005, 0.0001
for fixed parametersa =1.3, R, = R, = =T, = M. =1,
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Figure 5: Effects of ¢,

A A-A
160 1
\
= 140
>
5
2 120}
3
< [
£ 100
[=)]
&
S 80p
60
4D-| 1 1 1 |-
0.40 0.45 0.50 0.55 0.60
Depth Ratio {
(a)
\ A-A
1
80} © .
\
\
= \
z \
A
éao- % - ====pDa=0.0001
2[R\ % Da = 0.005
= *
o "
g) .
S 40} -
m
=
20+ ]

0.6 0.8 1.0 12
Depth Ratio £

(a)

90|

M arangoniNumber Atz
o) ~ )
o o o

n
o

i
o

Depth Ratio £
(b)

Figure 6: Effects of Da
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S

increases, M, and Mr, decreases thus the onset of
STDDDC is enhanced by stabilizing the system. Also,
the curves in figures 6(a) and 6(b) are widely diverging
for lower depth ratio values C = di,,r This shows that
the Darcy number is crucial in the porous layer
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M arangoni Number Adt
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o
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g, = &= 0.5 are depicted in figure 6. As Darcy number

30} &
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Depth Ratio £
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dominated composite system.

Figure 7 exhibits the effect of 1=1.2, 1.3, 1.45 on Tmn’s
Mr, and Mr, for the fixed parameters .= ¢,= 0.5, Da =
0.005,R;=R,,, = U= Ty =M, =1. Figures 7(a) and 7(b) show
that as a increases, Mr, and Mr, increases as well,
indicating that the system has stabilizing effect.

43 ' : ' ' q
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-
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Figure 7: Effects of a (a)
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In figures 8(a) and 8(b) we can see the variations of
diffusivity ratio z.= 0.25, 0.5, 0.75, the solute to thermal
diffusivity ratio in the fluid layer. The Tmn’s My, and
M, decreases for increase in 7;, thus destabilizing the
system. Furthermore, the variations of 7, are noticed
only for smaller § values, i.e. for porous dominated

140
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M arangoni Number 14
e
(ay] co (=]
=] [ ) (=]
T
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(=]

)
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04 06 08 1.0 12
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(a)

composite systems.

Figures 9(a) and 9(b) show the impacts of 7, , which
is the ratio of solute to thermal diffusivity of the porous
layer. As the depth ratio increases, the curves decline
in the case of A-A, increase in the case of A-I, and
converge at larger depth ratios. Both M, and My,
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decreases with increase in 7 which destabilizes the
system so that STDDDC sets in faster.

Figures 10(a) and 10(b) depicts the variations of
solute Marangoni number M, = 2, 2.5, 3 with respect to
depth ratio for a = 1.3, Da = 0.005, &, = ¢,= 0.5, R, = R,
=4=71,,= 1. The Tmn’s M, and My, increases as M,
increases, indicating that there is a stabilising
influence on the system, delaying the onset of STDDDC.

5. Conclusions

The effects of two temperature boundary conditions, (i)
A-A and (ii) A-I, on STDDDC for variable heat sources,
are investigated in this study. The findings reveal that:

1. When compared to both insulating surfaces, the
system is more stable for lower isothermal and
upper adiabatic surfaces.

2. For both temperature boundary conditions,
larger internal Rayleigh numbers in both fluid
and porous layers, as well as the solute
diffusivity ratio, have a destabilising effect,
hastening the onset of STDDD convection.

3. For both A-A and A-I situations, higher values
of the solute Marangoni number, Darcy number,
and thermal diffusivity ratio have a stabilising
effect, delaying the onset of STDDDC.
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